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ABSTRACT     ,. /. 
^     ' •''■-   '' 

This report is a sequel to the report »Basic Formulae for Determining 
the Computation offche Deflection of the Vertical from Astronomic 
Star Observations .^presented at the 1985 ASP-ACSM Convention, 
Washington, DC. ^—} (hi- fk is*/   /.'C~\,   1 ■/ 

The paper-addresses a new observational method that allows one to 
compute the astronomic zenith distance of the astrolabe Instrument as 
a function of the time when the stars cross the almucantar of the     / xt   ^ / ' < ^ 
astrolabe and their right ascension and declination, ther^forf ^      *---  
Independent of the astronomic station coordinates.    The jT   and  ft   : 
deflection of the vertical components are obtained from an equation 
that relates the astronomic and geodetic zenith distance.    The last 
is derived for each star as a function of the U.T.I time and geodetic 
latitude and longitude,   jr*? •/:■'. ■:;  ^'■        ^ ■      /    4 

INTRODUCTION 

The first part of this paper deals with the definition of a point on 
a sphere as a common vertex of isosceles triangles, when the position 
of great circle arcs among the points on the sphere are known.    One 
application of this concept is in astronomy of position.    Herein it 
is applied to astrolabe observations to obtain the instrument 
constant zenith distance.    Many isosceles triangles, depending on the 
number of stars used, can be considered.    A constraint is that their 
common vertex is the zenith.    In this particular case the almucantar 
zenith distance is obtained.    For the second part of this report, 
vertical deflection components are obtained from astronomic, and the 
geodetic zenith distance of each observed star with respect to UT1 
Time.    Astronomic latitude and longitude may be obtained 
thereafter.   A computation example is treated in some detail, 
employing data generated by a Danjon Astrolabe at the US Naval 
Observatory, Washington, D.C. 

1 ^6   4     28   08r 



FUNDAMENTAL CONCEPTS 

Consider a sphere of unit radius, with center at C, and three points 
1, 2, 3 on It. Let these points be Joined with great circles of arc 
each of which pass through two points, as shown In Figure 1, and let 
a portion of the great circles of arc be: 

a s 1.2 
b = 2.3 
c = 1.3 

(1) 

Figure 1. 

On this sphere let point A be chosen in order to form two isosceles 
triangles. The two triangles are:  1-2-A and 2-3-A. 

Let the angles at point 2, be: 

B1 = 1-2-A 
B2 = 3-2-A 

(2) 

If the arcs a, b, and c, are known, the angles Bi and B2 can be 
computed as a function of them, hence the point A can be defined. 
Consequently the portion of the great arcs between A and the points 

1, 2, and  3, must be equal. The sum of [B^  + B2)  can be knovm 

through the equation 

COS  (3, idi]  = 
C03' C- COSCL COS 6 

(3) 

We have found that theses angles can be obtained from the equations 



tin&r 

tan ßx= 

ton jb -tdn jd  fcQ5(Bitg*) 
CO 

(5) 
tanib s in (.btöa) 

To obtain the arc distance from A to the points 1,2, and 3 we have 

y « A-l = A-2 = 4-3 

then ^ can be obtained from the following equations: 

tan y = 
cos ß< tos e>2. 

Let us consider an application of this fundamental concept to 
astrolabe observations. 

(6) 

APPLICATION OF THE FUNDAMENTAL CONCEPT TO ASTROLABE OBSERVATIONS 

The main application of the preceeding concept is for observations of 
stars at an equal altitude, because many isosceles triangles can be 
considered.    This is the case when the DanJ n Astrolabe or similar 
instrument is employed.    A theodolite may be used in the same way as 
an astrolabe, provided that during observations no movement should 
change the angle between the telescope and the bubble.    To this case 
point 1, 2, 3, are replaced by images of the stars and the point A 
will be the zenith, the pole of the horizon.    The arcs a, b, c, are 
related to the meridian of the stars and the astronomical meridian. 
The arc y then will be the almucantar zenith distance.    If we observe 
more than three stars at the same altitude, we have more than 
sufficient data for the determination of the almucanter zenith. 

Figure 2.    Unit Sphere Projected from Above. 
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Qil*ifi-T&t<}-tof-**   *5*fb (7) 
c SQ tf tHda*Is rtw&tot hsi'dtmltim* 

The arc of the great circle that passes between two stars is computed 
from the general equation: 

ios Si]* sin h smSj + ccs SLC-OSüCOI CC (ö) 

Let us designate by the angle of the isosceles triangles as seen 
in figure 2.    The zenith distance then can be computed according to 
equation (7). 

Let us now find out the relationship of a star position to the astro- 
nomical and geodetic points, to obtain the deflections of the 
vertical as functions of the astronomical and geodetic star zenith 
distance. 

DEFLECTIONS OF THE VERTICAL AS FUNCTION OF THE ASTRONOMIC AND 
GEODETIC ZENITH DISTANCES OF A STAR. 

For this purpose we use a general formula that links a star position 
to its zenith distance and hour angle,  setting it as follows in the 
astronomical system: 

i   ^fc^ZtanS Sin(f>-tCOU<t!ib)+cosiJ-t)   (9) 

A simlliar equation can be set for the station in the local geodetic 
system as follows: 

COSfc 1        r 
z   —rr^-Z tdfiS sine-i cos(BHZ) tcosCH) ^o) 

COS O 
'ifi- astronomic and geodetic zenith distance 

$ 
£    = star's declination 

tfß   - astronomic and geodetic latitude 
i7 s astronomic and geodetic hour angle 

We have to remember that  ^  and   C  are unknowns,  while B 
and   L  are knowns, but they differ, with respect to ^   and    ^   , by 
small amount,   tarvi fljlcfa the deflections of the vertical.    From 
equations (9) and (10) we shall derive an equation for obtaining ß 
and /^   as a function of the astronomic and geodetic zenith 
distance.    Subtracting equation (10) from (9) we have 

cos 5 
Now let 

so it can be set 

+ cC'A$tt) tcoi(4-t)-cos(&t$-cos(ß~'Q 



then it follows at once that the corresponding terms on the right 
hand side of equation (11) can be expressed as follows: 

(antt^i) cos t*|4 ¥<& (^Sifl (^S)] (12) 

Due to the small values of >TJF—  and  t-^S , We set for practical 
purposes: 

hence equation (12) becomes: 

In a similiar way. let -^-^cÖSÖ^C 

ni»<t-t rrif» _    4 + 0        t-Z 

from which it is obtained for the third and fourth term on the right 
side of equation (11) 

cos m ~ cos n  =  -i^'djiln BcoiZ tZiio^-nn klL    ^4) 

-Ct-2;cos-a si'fi z 
adding to equation (11), equations (13) and  (14), and using the 
constraints 

MSI k-Z * L-K  - n  stc 2, Kn> 

as well as the fact that (£-£Jis small, we obtain the final 
expression for computing the  £  and  n deflections of the vertical 
components: 

(Z-t) ^1-f * ■f[i*-n'bzos»-iif\boiiz)+ nsirtZ    (16) 
cos 5 

where 

(17) 

and 

UT1  a universal time 
Q, s apparent sidereal time at 0h U.T. 
L s geodetic longitude 
B = geodetic latitude 
Xs geodetic zenith distance 
Z s astronomic zenith distance 

The geoaetic zenith distance is known by computation from 

Cos I -   sin S> sin S tcos 3 cos 5coi Z 

Each star provides an observation equation of the form: 

OL.f+ö.ri  « (JC'Z)JIS7 Z sec S 

(18) 
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heno« the four stars Mill give four equations for       and 
Choosing star pair clockwise, four values of f   and  1 can be 
obtained. 

As an example the following data taken with a Danjon Astrolabe at the 
U.S. Naval Observatory, Washington, D.C., on August 17,  1981, was 
used to compute the deflections of the vertical. 

STAR NUMBEIUT TIME OF ALM0 RT. ASC • CFCL. 
FK4 OBSERVED 

H I M S H ; M S 0 / U 
1 774 2 39 49.4225 20 38 53-001 15 51 15.267 

2XX 3388 2 43 20.3393 17 26 6.534 20 5 50.537 
3 1434 2 46 20.7368 16 38 18.195 48 57 55.052 
H 776 2 48 42.1587 20 42 42.012 15 0 56.687 
5 3383 2 51 44.8365 17 23 25.311 22 58 41.321 
6 1565 2 55 58.9911 21 29 12.801 23 33 59.647 
7 1469 3 0 35.0479 17 59 19.591 16 45 12.939 
8 804 3 2 47.8230 21 21 20.139 19 44 2.667 
9 1465 3 6 51.2833 17 47 42.502 20 34 23.096 

10 3669 3 10 0.1091 20 54 50.470 13 39 32.150 
11 844 3 14 35.1432 22 22 55.954 52 8 42.027 
12 848 3 20 24.2235 22 30 37.854 50 11 46.688 
13 3381 3 24 58.3336 17 21 24.605 53 26 25.224 
14 831 3 27 26.1903 22 6 15.300 25 15 51.258 
15 685 3 30 33.8042 13 13 49.930 64 23 43.817 
16 650 3 34 29.4979 17 26 13.567 48 16 40.425 
17 725 3 40 57.7886 19 17 3.024 11 33 59.565 
10 701 RVED 18 36 12.334 65 28 38.433 
19 3833 3 45 10.6755 56 21.704 48 35 30.229 
20 663 3 47 25.0697 17 39 0.539 46 1 7.768 
21 1503 3 51 26.9137 19 24 11.525 11, 54 35.615 

22XX 1604 3 56 5.0920 23 7 1.315 49 12 14.684 

23 3839 3 59 58.6334 22 59 24.577 56 51 16.941 
24 703 4 3 46.8881 18 44 57.579 20 31 55.612 
25 3514 RVED 18 56 23.592 65 14 20.212 
26 853 4 10 33.3777 22 38 5.861 63 29 47.948 
27 875 4 13 38.4420 23 12 30.443 57 4 30.110 
28 826 4 19 58.0237 22 0 17.769 13 2 27.240 

The set of four stars used in this example, according to its azimuth 
is:    5-16-12-4, which we reorder with numbers:     1-2-3-4.    Geodetic 
coordinates, arbitrarily chosen, are 

B = 39° 54' 00 
L = -5h 08m 13s.576 

Table 1, shows the evaluation of zenith distance of the Danjon 
Astrolabe.    The first column indicates the two angles oppossed to the 
zenith, as shown in Figure 2, column 2,  the corresponding values of 
these angles are computed according to equation  (3).    Column 3, 4, 5, 
and (6), show the values of the angles Wij' computed according to 
equation (4). 

Table 2, shows the values of the geodetic zenith distances computed 
by using equation (16).    The geodetic hour angle   X, , is obtained 
from (17), the values of which are shown in column 2.    In colunn 3, 
are the values of Zt  and in the fourth column the difference between 
geodetic and astronomic zenith distance. 
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Table 3, shows the values of the coefficients a, b, c, computed from: 

a =    tdn JCO* d - ii'n B coiz 
b ■     s»n C 
o =     sin 2./oos 5 

In the last colunn are the values of the left member of equation 
(16). 

Table 4, shows the evaluation of the deflection components according 
to equation (16). The evaluation of f and ri are computed from the 
equation: 

taken clockwise we use two equations, in the following order:    1-2; 
2-3; 3-4; 4-1. 

Table 1.    Evaluation of Astronomic Zenith Distance 

Rtftrano« 
Anil« 

Evaluation 
»ail« 

«12 «14 «23 «34 

"12 * "11" 
«14 ♦ «34« 
«23 * «34« 

103° 03' 31.88 
105   03    31.64 
92    02    12.92 
90    02    15.52 

65° 55'   10"75 
65   55    11.10 39 08 20.54 

39 08 19.71 

37° 08' 21 "13 

37    08    21.95 
52' 53' 53.21 
52   53    53.57 

Haul 
S 

65° 55'   10.93 
23   31    07.59 

39° 08 20"13 
48    15 33.37 

37° 08    21"54 
49    26    29.94 

52° 53' 53.39 
38    24    54. 

z 30° 00' 27"76 30° 00' 27f79 30° 00'  27*72 30° 00" 27*75 

Hmn Z =  30° 00" 27T75 

Table 2.    Evaluation of Geodetic Zenith Distance and 

STA z-z 
1 29° 56" 56'.'09 30° 00' 25.28 -2"47 
2 39    56    32.50 30   01 34.59 66.84 
3 -39    40    10.64 30   00 47.21 19.75 
4 -20    3Ö    0210 29    59 10.04 -71.75 

Table 3, Evaluation of Coefficients a,  b, c 

ca-z) 
0.2121 0.4992 0.5432 -l1^1* 
0.3913 0.6428 0.7515 50.23 
0.4506 -06384 0.7812 15.43 
0.3709 -03524 0.5178 -40.24 
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Table 4.    Evaluation of Dcflaotlon o'     a Vertical 

Station Pair    """"      ——————    ™~— -     — 

Clookwla« J£. ^ 

1-2 77n75 30.82 
2-3 77.83 30.76 
3-4 77.68 30.66 
4-1 77.60 30.75 

The f and   n values are large because an arbltuary geodetic point 
was used. 

CONCLUSIONS 

The classical method of determining deflections of the vertical 
compares astronomic and geodetic latitudes and longitudes from the 
relations. 

i, s >P-8 

1 a (x-lj cos B 

By astronomic observations, latitude   v and longitude   x, are 
determined.    The corresponding geodetic values B and L, are known 
from geodetic measurements. 

The observational method developed in this paper with a solution for 
vertical deflections from astronomic and geodetic zerith distance can 
be employed advantageously   By contrast with the classical method, 
this method does not require the knowledge of the astronomic coordin- 
ates, hence reducing the time and cost of fielu work. 

Results from several independent sets of four stars have shown that 
the determination of the almucantar zenith distance is less prone to 
errors than for the determination of latitude and longitude.   If 
astronomic coordinates are needed, then the geodetic values B and L 
can be used as an approximate value of latitude # and longitude   A   . 
The       and       values must be replaced "by 

i * d« 
,, a d x cos 8 

hence, the astronomic station coordinates shall be 

The   £ and   if  values must be corrected for the effect of polar 
migration, as follows 

d^  = - X COiÄ t y s'in A 
ö(rjs-(Ai'1^+ / COS A) si n 9 

The rectangular coordinates X   and Y   are published by the 
International Latitude Service. 

A 


